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High-dimensional entanglement promises to greatly enhance the performance of quantum commu-
nication and enable quantum advantages unreachable by qubit entanglement. One of the great chal-
lenges, however, is the reliable production, distribution and local certification of high-dimensional
sources of entanglement. In this article, we present an optical setup capable of producing quantum
states with an exceptionally high-level of scalability, control and quality, that, together with novel
certification techniques, achieve the highest amount of entanglement recorded so far. We show-
case entanglement in 32-spatial dimensions with record fidelity to the maximally entangled state
(F = 0.933± 0.001) and introduce measurement efficient schemes to certify entanglement of forma-
tion (EoF = 3.728± 0.006). Combined with the existing multi-core fibre technology, our results will
lay a solid foundation for the construction of high-dimensional quantum networks.
Quantum communication often relies on entanglement
to outperform classical communication tasks. The most
prominent task being quantum cryptography, where en-
tanglement enables implementations that do not require
trust in the device used to create and distribute the
quantum states. While most experiments and applica-
tions have thus far focused on qubits, i.e. encoding two
distinguishable states in single photon pairs, recent ef-
forts in encoding more information per photon, i.e. high-
dimensional encoding, have proven successful using var-
ious physical degrees of freedom [1, 2]. From a binned
time-of-arrival [3, 4], orbital angular momentum (OAM)
[5–7], multiple frequencies [8] or multiple paths in silicon
waveguides [9, 10], more and more possible setups have
entered the stage.
It is clear that using additional degrees of freedom,
enables more bits to be encoded per photon. Increas-
ing the encoding dimension, however, brings about novel
challenges that need to be overcome to unlock that poten-
tial. The first concerns the creation of high-dimensionally
entangled states. For many applications, using higher-
dimensional systems only makes sense if truly more en-
tanglement can be generated by the sources. This has
thus far provided a natural limit for many systems, as for
instance OAM entanglement is typically very far from po-
tentially maximal entanglement [6, 7]. The second chal-
lenge is the distribution, where different encodings are
not equally suited for all modes of distribution. Encod-
ing in spatial modes rules out the most commonly used
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single-mode fibres and has sparked a recent shift to air-
core fibres or few-mode fibres for this purpose [11–13].
Finally, for the certification and indeed most applica-
tions, the possible measurements are a veritable chal-
lenge. Spatial modes are often limited by the complexity
of the preceding multiport [9, 10, 14] or the resolution of
the spatial light modulators (SLMs) used prior to projec-
tive measurements [15]. Temporal and frequency modes
on the other hand are very difficult to interfere, leading
to only very limited measurement capabilities or even
ruling out local measurements in some cases [8, 16–19].
Nonetheless, the prospect for distributing entanglement
in highly noise environments [20], makes the prospect of
high-dimensional encoding exciting enough to invest ef-
forts along all of these lines.
In this article we contribute the above challenges by
creating an optical setup that is capable of (i) creating
states close to the maximally entangled state, (ii) that are
easy to interface with other means of distribution [21] and
(iii) can be fully explored via all two-dimensional sub-
space measurements. Of course, this setup comes with
its own limitations and challenges, such as the manufac-
turing limit of beam displacers we employ and the num-
ber of two-dimensional subspaces in a large system. We
develop adapted certification techniques that reveal that
our setup achieves record fidelities in 32-dimensional en-
tanglement (F = 0.933 ± 0.001), Schmidt numbers (30)
and entangled bits (e-bits) as quantified by entanglement
of formation (EoF = 3.728± 0.006).
To start, let us describe our experimental setup, which
is detailed in Fig. 1. As depicted in Fig. 1a, we divide
the pumped light through beam displacers (BDs) into
many parallel beams with the same energy (all half-wave
plates (HWPs) in 404 nm are set to 22.5◦.). Then every
beam coherently induces spontaneous parametric down-
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2FIG. 1. Experimental setup. (a) The preparation of 32-dimensional entangled states. A 404 nm continuous wave (cw) light
is divided into 32 parallel beams by half wave plates (HWPs) and beam displacers (BDs). A HWP array 0 (HWPA0) can
control the polarisation of each beam and ensure that each pump beam is in the horizontal (|H〉) state. 32 beams of light
effect spontaneous parametric down-conversion (SPDC) on the collinear BBO crystal (|H〉404nm −→ |H〉808nm ⊗ |V 〉808nm).
We encode each path as (|0〉, |1〉, ..., |31〉), and can thus get the 32-dimensional entangled state |Φ+〉 = 1√
32
∑31
i=0 |ii〉. (b)
The local measurement setup. Through the polarisation control of HWPA1-HWPA5 and BD6-BD10, an arbitrary projection
measurement can be performed. In our case, we focus on the measurement of two-dimensional subspaces, which is described
in detail in Fig. 2. (c) The beam intensity regulator. This device is implemented by spatial light modulator (SLM) which can
apply an arbitrary phase to each beam. For each beam, the initial state of incident light is |H〉, HWP1 and HWP2 are set
at 22.5◦. |H〉 HWP1◦−−−−−→ 1√
2
(|H〉 + |V 〉) SLM2(φ)−−−−−−→ 1√
2
(|H〉 + eiφ|V 〉) HWP2−−−−→ 1
2
((1 + eiφ)|H〉 + (1 − eiφ)|V 〉) PBS2−−−−→ (1 − eiφ)|H〉.
Through the post-selection of PBS2, we can individually adjust the intensity of each beam. The phase generated by the beam
intensity regulator is compensated by SLM1.
conversion (SPDC) (|H〉404nm −→ |H〉808nm⊗|V 〉808nm)
on a BBO crystal. In particular, we use a collinear BBO
crystal of type II. A polarising beam splitter (PBS) is
then used to distribute the different polarisations along
two different paths. Further beam displacers (BD1-BD5)
are then used to form a 4 × 8 beam array. The spacing
of each beam is 2 mm and the diameter of the pump
beam is 0.6 mm. Since, there are 32 beams of light with
equal pumping, our theoretical target state is |Φ+〉 =
1√
32
∑31
i=0 |ii〉, i.e. should be maximally entangled in all
dimensions.
It is worth noting that our scheme is not simply an ex-
tension of Ref. [22], where also parallel beams were used
to induce SPDC, as there are two distinct and signifi-
cant advancements to report. The first is that by us-
ing collinear BBO crystals, we can form two-dimensional
beam arrays without the needed for spatial compensa-
tion. As this is one of the most demanding tasks, that
increases in difficulty with increased dimension, we re-
move one of the central challenges to make our scheme
scalable to even higher dimensions.
The second advancement concerns our BDs. Instead
of using the more common crystals operating at 404 nm
(808 nm), which in Ref. [22] are approximately 36.41 mm
(39.70 mm) long, thus introducing 4.21 mm separation
between the horizontally and vertically polarised photons
at 404 nm (808 nm), we manufactured new BDs from
scratch. The main disadvantage of a natural crystal is
its relatively strong absorption of ultraviolet light, and
its relatively large volume. This was another challenge
to high-dimensional scalability, which we overcame by
designing and manufacturing a tailored structure, which
is essentially a stacking of PBS and can achieve the same
effect as a natural crystal BD (see also Fig. 1).
To compensate for the phase between the different
paths used to encode the entangled state, we use a spa-
tial light modulator (SLM), which can add an arbitrary
phase to the vertically polarised light. We divide the
SLM1 into 32 pieces, each of them adjusts the phase of a
beam of light. Because of imperfections in the manufac-
tured BDs, the collection of light in each initial path can
be different, which would lead to different amplitudes for
the terms (|ii〉) of the high-dimensional entangled state.
In order to compensate for this deviation, we also de-
signed a beam intensity modulator. As shown in Fig. 1c,
the setup consists of an SLM2, two HWP1-2 and a PBS2.
3(a)
0
o
@ 22.5HWP
o
H
45
o
@ 22.5HWP
o
H
45
o
@ 22.5HWP
o
0
o
45
o
H
@ 22.5HWP
o
0
o
45
o
H
0
o
0
o
45
o
H
@ 22.5HWP
o
0
o
0
o
45
o
@ 22.5HWP
o
H
(b)
B D9 B D10B D7B D6 B D8
? ? ? ?
HWPA1 HWPA2 HWPA3 HWPA4 HWPA5
HWP HWP HWP HWP
0
o
0
o
45
o
45
o
0
o
0
o
45
o
45
o
0
o
45
o
0
o
45
o
0
o
45
o
0
o
45
o
0
o
45
o 0
o
45
o
Θ1@0˚ Θ2@0˚ Θ3@0˚ Θ2@90˚ Θ3@90˚
HWP PBS
SSM
SSM
SSM
SSM
SSM
SSM
45
o
FIG. 2. Illustration of the two dimensional subspace measurement setup. (a) An exemplary 4-dimensional measurement setup.
There are 6 necessary two-dimensional subspace measurements (SSM) of a 4-dimensional path encoded state. By choosing the
suitable combination of HWPAs, we can realise all of them. The red line represents the measured subspace. (b) An exemplary
32-dimensional subspace measurement setup. Similar to the 4-dimensional setup, θ1, θ2, θ3 and the HWP need to be chosen
appropriately. Here, θ1@0◦, θ2@0◦ and θ3@0◦ represent HWPAs setting at 0◦; θ2@90◦ and θ3@90◦ represent HWPAs setting
at 90◦ and HWP represents a whole half-wave plate.
The intensity of each beam can be adjusted by loading
the phase on the second SLM. The counting rate of the
entangled source is ≈ 4000/s, and the average coinci-
dence efficiency is 0.16.
For the measurement setup, we use HWPAs and BDs
to control each path using polarisation. We choose the
path basis as computational basis, and thus measure-
ments of the diagonal elements of the density matrix
〈ij|ρ|ij〉 are straightforward (using a coincidence logic
with detectors in the paths). To certify entanglement or
the actual fidelity with our target state, we additionally
need access to the real parts of the following off-diagonal
elements <e[〈ii|ρ|jj〉]. This requires two mutually un-
biased measurements in all two dimensional subspaces,
labeled by i and j. As <e[〈ii|ρ|jj〉] = <e[〈jj|ρ|ii〉], we
need 496 unique combinations to measure all real parts
with i, j = 0, 1, . . . , 31(i < j).
In our measurement setup, any two-dimensional sub-
space measurement can easily be realised. In Fig. 2a,
we show the state measurement setup in an exemplary
4-dimensional case. By setting up each HWPA ap-
propriately, we can realise the measurement in any 2-
dimensional subspaces of the 4 × 4 dimensional system.
This is easy to generalise and scale, which we showcase in
Fig. 2b, where we only need to set HWPA2-HWPA5 ap-
propriately, and then we can measure in all 2-dimensional
subspaces of our 32-dimensional system. Fortunately,
only a few HWPAs are needed to measure arbitrary two-
dimensional subspaces. We showcase part of the HWPA
settings in Appendix E.
For the target state fidelity F+ := Tr(ρexp|Φ+〉〈Φ+|)
it is actually sufficient to measure 32 out of the 1024
diagonal terms, i.e. just the terms 〈ii|ρexp|ii〉. We thus
focus on their measurements and develop entanglement
quantification methods that can be used without access
to the terms 〈ij|ρ|ij〉(i 6= j). In any case, because the
isolation of each linear device is more than 10−3, and we
have measured 〈0j|ρ|0j〉 and confirmed that the maximal
value is 4.49×10−5, we can estimate 〈ij|ρ|ij〉i 6=j ≈ 4.49×
10−5.
Experimental Results We now proceed to present the
experimental results of the setup. We performed 4000-
single outcome projective measurements using two de-
tectors and a coincidence logic at a coincidence window
of 3 ns, significantly less than the 106 such measure-
ments needed for a full state tomography. This allowed us
to accurately measure all elements {〈ii|ρ|jj〉}, in which
i, j ∈ {0, 1, · · · , 31}. We should also say that we take the
raw coincidences without any further background sub-
traction, which would greatly improve our values, but
run against the spirit of certification. This yields the
4FIG. 3. Experimental results for fidelity F+, resulting Schmidt number Dimexp and e-bit (EoF ). (a) The results of fidelity and
Schmidt number. The green line represents the fidelity as a function of the physical dimension, and the red line represents the
entangled dimension (Schmidt number) witnessed according to the fidelity. We achieve a fidelity of Fd=32 = (93.3 ± 0.1)% >
29/32 with a 32 dimensional maximally entangled state, which proves our state features at least Schmidt number 30 in 32
dimensions. (b) The resulting EoF . The green line represents the entanglement of formation values for each dimension. When
d = 32, it reaches a maximum value of Bd=22 = 3.728± 0.006. Error bars are in the range of points and thus not visible.
following fidelity:
F+ =
1
32
31∑
i,j=0
〈ii|ρexp|jj〉. (1)
As we can see, the decrease of fidelity seems to be al-
most linear in this regime. The white noise resistance
for the maximally entangled state p|Φ+〉〈Φ+|+(1−p) 1d2 ,
goes as Fsep =
1
d , i.e. the point of separability is reached
with a scaling of 1/d, so in our experiment the gap be-
tween reached fidelity and separability still grows larger
with each dimension. This is very promising for scal-
ing up and getting an advantage for even higher dimen-
sions in our scheme. Furthermore, the fidelity allows
for a direct lower bound on the Schmidt number, as
the critical fidelity for Schmidt number k is Fk =
k
d ,
which proves our state features at least Schmidt num-
ber 30 in 32 dimensions with 32 standard deviations
confidence. These are to date the highest achieved fi-
delities for high-dimensional states, together with the
very recent Ref.[23], which produces similar fidelities in
a pixel basis, corroborating the suitability of the spatial
domain for high-dimensional entanglement. To go be-
yond fidelity as an entanglement characterisation (which
comes with its own limitations [24]), we also develop
a method to estimate entanglement of formation [25],
from our data. Roughly speaking, it provides a means
of quantifying how much entanglement is needed to cre-
ate the state and can be defined as the average en-
tanglement entropy minimised over all decompositions
EoF := infD(ρ)
∑
i piS(TrB(|ψi〉〈ψi|). Just as in [26, 27],
we use the conditional quantum uncertainty relation from
[28] to estimate negative conditional entropy, which is
a lower bound to entanglement of formation [29]. In
its usual form, however, one would need access to the
full statistics of two mutually unbiased measurements,
which we did not perform. Using some additional bounds
and estimates, it is, however, possible to provide a lower
bound on the negative conditional entropy from diago-
nal correlations and two-dimensional subspace measure-
ments. The bounds rely on the invariance of |Φ+〉 under
local unitary rotations U ⊗ U∗, which can be used to
lower bound joint entropies in the mutually unbiased ba-
sis without having to measure them directly. We provide
further details of the method in appendix B. Using this
method we can certify a lower bound on the entangle-
ment of formation of EoF ≥ 3.728 ± 0.006. All results
are shown in Fig. 3. As a comparison, the record number
in time-bin implementations is 2.09 in dimension 7 [4]
and in spatial modes 3.43 in 262144 dimensions [27] (this
is comparing to equal paradigms, i.e. without additional
assumptions or background subtraction).
Conclusion We have presented a framework for high-
dimensional photonic entanglement to be generated in
spatial modes. Moreover, we present a scalable mea-
surement architecture that is capable of reading out co-
herences in any two-dimensional subspace. Our experi-
mental implementation not only shows the feasibility of
the approach, but also displays the highest quality en-
tanglement in high-dimensions created in optical setups
thus far, making it a prime candidate for realising the
promising advantages of high-dimensional entanglement
in quantum communication. To analyse the state, we
have used single-outcome measurements, i.e. one detec-
tor per side with coincidence post-selection. Contrary
to OAM entanglement, where this is a feature of post-
selecting with a single-mode fibre, there is no fundamen-
tal reason for this in our setup. By including more de-
5tectors, one could, without any mode-dependent loss, in-
clude many more outcomes per side, enabling device in-
dependent tests in higher dimensions and truly improv-
ing key rates in high-dimensional key distribution. For
that purpose, in appendix D, we also include a theoret-
ical setup that would allow for full scale mutually unbi-
ased measurements in our multi-path entangled source.
The array design of our experimental device lets all the
spatial modes keep a high degree of similarity, which is
conducive to the combination of multi-core fibre to com-
plete the long-distance distribution of high-dimensional
entanglement, forming a high-dimensional quantum net-
work [21]. As the number of two-dimensional subspaces
grows quadratically in the dimension, it may be useful to
explore other measurement regimes, such as mutually un-
biased bases or complementing some subspaces by semi-
definite programming techniques to estimate unmeasured
subspaces as in [4].
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Appendix A: Measuring individual density matrix elements
In our scheme of quantifying entanglement, we need to measure the values of 〈ij|ρ|ij〉 and the real part of the off-
diagonal terms <e[〈ii|ρ|jj〉] in the density matrix. The diagonal elements are given by 〈ij|ρ|ij〉 = C(ij)/CT , where
CT :=
∑31
ij=0 C(ij) are the normalised coincidences in path i for Alice and path j for Bob. These diagonal elements
can be measured directly. The off-diagonal terms require a superposition of two paths to be measured on both sides.
<e[〈ii|ρ|jj〉] = 1
4
(〈σijx ⊗ σijx 〉 − 〈σijy ⊗ σijy 〉) , (A1)
=m[〈ii|ρ|jj〉] = i1
4
(〈σijx ⊗ σijy 〉 − 〈σijy ⊗ σijx 〉) , (A2)
where σabx = |a〉〈b|+ |b〉〈a| and σaby = i|a〉〈b| − i|b〉〈a|.
This requires projective measurements of any two dimensional subspace. Out of the 992 off-diagonal elements, only
496 are unique and need to be measured, as <e[〈ii|ρ|jj〉] = <e[〈jj|ρ|ii〉], with i, j = 0, 1, . . . , 31(i < j). The average
interference visibility of all subspaces is V = 0.974± 0.001, leading to the following fidelities:
TABLE I. Experimental results of fidelity in different dimension.
Dimension 2 4 6 8
Fidelity(%) 98.8± 0.1 97.9± 0.1 97.6± 0.1 97.6± 0.1
Dimension 10 12 14 16
Fidelity(%) 97.3± 0.1 97.1± 0.1 96.6± 0.1 96.3± 0.1
Dimension 18 20 22 24
Fidelity(%) 96.1± 0.1 95.8± 0.1 95.7± 0.1 95.3± 0.1
Dimension 26 28 30 32
Fidelity(%) 94.8± 0.1 94.3± 0.1 93.8± 0.1 93.3± 0.1
Appendix B: Bounding Entanglement of Formation via Entropic Uncertainty Relations
Given the measurement data of the correlations in the computational basis as well as the respective coherences, i.e.
〈ii|ρ|jj〉, (B1)
and thus the fidelity with the maximally entangled state F+ := F (ρ, |φ+〉〈φ+|), we can derive a lower bound on
entanglement of formation.
Using the uncertainty relation derived in [28] with extensions presented in [30],
H(M |B) +H(M˜ |B) ≥ H(A|B) + log(d) , (B2)
where M and M˜ are two mutually unbiased bases in system A and H(M/M˜ |B) is the conditional von Neumann
entropy of the state after measurement of M/M˜ in system A. We isolate the term H(A|B), as it lower bounds the
Entanglement of Formation [29]
7−H(A|B) ≤ EoF . (B3)
This leads to
EoF ≥ −H(M |B)−H(M˜ |B) + log(d). (B4)
Expanding the relation and using the data processing inequality [30] as well as the definition of the relative entropy
we arrive at
EoF ≥ −H(M,M∗)−H(M˜, M˜∗) +H(M) +H(M˜) + log(d) . (B5)
We can further lower bound this expression by upper bounding the global entropies with H↑ and lower bounding
the marginal entropy by H↓,
EoF ≥ −H↑(M,M∗)−H↑(M˜, M˜∗) +H↓(M) +H↓(M˜) + log(d) . (B6)
Now we just need suitable bounds H↑/↓ for our measurement data. Let us first discuss the bounds on the entropies
for the measurement results in the computational basis with the help of the given quantities. It will be helpful to
consider the following abbreviations
pABi := 〈ii|ρ|ii〉 (B7)
N :=
∑
i
〈ii|ρ|ii〉, (B8)
the marginal probabilities can be directly lower bounded by using
〈iB |ρ|iB〉 =
∑
j
〈ji|ρ|ji〉 (B9)
= 〈ii|ρ|ii〉+
∑
j 6=i
〈ji|ρ|ji〉 (B10)
≥ 〈ii|ρ|ii〉 := pBi . (B11)
Now the next task is to minimise the entropy, given these lower bounds, which is straightforward: The entropy
is minimised by adding 1 − N to the largest pBi , creating a distribution that majorises all other valid marginal
distributions and thus possessing the lowest entropy. After this transformation, we just need to compute the entropy
of that distribution
H↓(M) = −
∑
i
pBi log(p
B
i ). (B12)
For the upper bound on the global entropy on the other hand we can use
H↑(M,M) = −
∑
i
pABi log(p
AB
i )−
[
(1−N)log
(
(1−N) 1
(d2 − d)
)]
. (B13)
For deriving the bounds on the entropies for the measurement results in the MUB, we’ll use the invariance of the
target state under rotations of the form U ⊗ U∗. This lets us conclude that
〈˜i˜i∗|ρ|˜i˜i∗〉 = F+
d
+ p˜i , (B14)
where p˜i ≥ 0 and
∑
i p˜i = 1− (d−1)F+d . Thus,
H↓(M˜) = H2
(
(d− 1)F+
d
)
+
(d− 1)F+
d
log(d− 1) , (B15)
8where we have used the binary entropy H2(p) := −plog(p)− (1− p)log(1− p).
For the upper bound on the global entropy we again use our knowledge of the fidelity F+ and equally distribute
the remaining norm among the unknown elements, s.t.
H↑(M˜, M˜∗) = −
[
F+log
(
F+
d
)]
−
[
(1− F+)log
(
1− F+
d2 − d
)]
, (B16)
which maximises entropy under the assumption that F+d ≥ 1−F+d2−d . Using the experimental data in 32 dimensions, we
now get F+ = 0.933, H
↓(M) = 4.967, H↓(M˜) = 4.935, H↑(M,M) = 5.483 and H↑(M˜, M˜∗) = 5.670. This leads to a
lower bound on entanglement of formation of EoF ≥ 3.728± 0.006. All results are shown in Table II.
TABLE II. Experimental results for ”e-bits”.
Dimension 2 4 6 8
”e-bit” 0.380± 0.006 1.200± 0.009 1.699± 0.009 2.056± 0.009
Dimension 10 12 14 16
”e-bit” 2.333± 0.009 2.560± 0.009 2.750± 0.008 2.914± 0.009
Dimension 18 20 22 24
”e-bit” 3.055± 0.007 3.185± 0.007 3.304± 0.007 3.407± 0.006
Dimension 26 28 30 32
”e-bit” 3.499± 0.006 3.583± 0.006 3.660± 0.006 3.728± 0.006
Appendix C: Noise robustness
Whether the theoretical robustness to noise of high-dimensionally entangled states can be reached in practice
depends on various parameters. Most importantly, the quality of the source as well as the nature of the noise. A
standard method, that e.g. models accidentals for photon loss of maximally entangled states leads to white noise,
i.e. the state actual state will resemble ρexp = pρtarget +
1−p
d2 1. While the actual dependence of p on the dimension
will heavily depend on the implementation parameters, it is nonetheless crucial for ρtarget, to be as close to |Φ+〉〈Φ+|
in laboratory situations. This is why we focus on determining F+. For there to be a possible advantage in noise
resistance, this fidelity needs to scale better than Fsep =
1
d . This means our experimental fidelities certify that every
dimension we add, brings about meaningful additional noise robustness, despite declining fidelity.
Appendix D: Construction of complete MUB measurement setup
Some Bell inequalities and quantum key distribution (QKD) protocols based on entanglement require complete
MUB measurements. In this section, we will introduce how to construct a complete MUB measurement scheme with
our setup. The most typical MUB is the computation basis ({|`0〉 = |0〉, . . . , |`k〉 = |k〉, . . . |`d−1〉 = |d− 1〉}) and the
Fourier basis ({|L0〉 , . . . , |Lk〉 , . . . , |Ld−1〉}). |Lk〉 is the superposition of |`k〉 , |Lk〉 =
∑d−1
j=0 exp[(i2pi/d)kj] |`j〉 /
√
d.
Here, we introduce how to construct 2n-dimensional computational and Fourier MUB basis. Fourier MUB basis are
coherent superposition of all levels with equal weight. The simplest basis construction in our context is the direct
use of product basis of qubit mutually unbiased bases to construct a set of mutually orthogonal high-dimensional
MUB basis. The simplest set of MUB bases for qubit system is {1/√2(|0〉+ |1〉), 1/√2(|0〉 − |1〉)}. If we take a direct
product of multiple MUB bases of n qubits {1/√2(|0〉 ± |1〉)1 ⊗ 1/
√
2(|0〉 ± |1〉)2⊗, ...,⊗1/
√
2(|0〉 ± |1〉)n}, and then
encode {|00...0〉, |00...1〉, ..., |11...1〉} into {|0〉, |1〉, ..., |2d − 1〉}, we can get a set of MUB bases of d = 2n dimensions.
In Fig. 4, we give the scheme of d = 4, d = 8, and any d = 2n dimensions. We take the 8-dimensional MUB
construction base as an example. The 8-dimensional MUB can be obtained from the MUB direct product of three
qubits ({1/√2(|0〉±|1〉)1⊗1/
√
2(|0〉±|1〉)2⊗1/
√
2(|0〉±|1〉)3}). We code the three qubit system into a 8-dimensional
system ({|000〉, |001〉, |010〉, |011〉, |100〉, |101〉, |110〉, |111〉} into {|0〉, |1〉, |2〉, |3〉, |4〉, |5〉, |6〉, |7〉}). HWPA1 and BD1
are used to merge adjacent dimensions into two-dimensional polarization subspace. HWP1 and PBS1 construct the
MUB of the two-dimensional subspace, which is equivalent to the construction of the MUB base of the third qubit.
Similarly, HWPA2, BD2, HWP2 and PBS2 complete the MUB construction of the second qubit, while HWPA3,
BD3, HWP3 and PBS3 complete the MUB construction of the first qubit. By cascading these three setups and eight
outcomes, an 8-dimensional complete MUB measurement base is constructed. All HWPs are set at 22.5o. SLM1
is used to load different phases on different paths, so that different Fourier MUB bases can be converted. For the
9computational MUB basis, we still take the 8-dimensional measurement in Fig. 4b. We only need to set the HWP1-3
in Fig. 4b to 0o to realize the 8-dimensional computational measurement basis. As shown in Fig. 4c, this method
can be effectively extended to any d = 2n dimension that is a power of 2, which are anyway convenient for encoding
multiple bits in a photon.
SLM1 and HWP1-3 can be replaced by fast electro-optical modulation setups, so the MUB measurement setup
designed by us could also be used for a high-speed high-dimensional QKD device, or the detection of Bell inequality
without an independent measurement loophole.
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FIG. 4. Construction of d = 2n dimensional MUB measurement basis. (a) 4-dimensional MUB measurement structure. (b)
8-dimensional MUB measurement structure. (c) 2n-dimensional MUB measurement structure.
Appendix E: Measurement basis settings
Here we present some HWPA settings for 2-dimensional subspace projection measurements. In fact, different
projection measurements are realised by changing the settings of HWPAs or HWPs. These devices can be replaced by
adjustable phase devices (such as SLMs), so they do not need to be replaced to achieve full-automatic measurement.
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TABLE III. |0i〉 subspaces settings. SSM represents the wave plates projected to the subspace for measurement control. By
controlling these wave plates, we can realise arbitrary projection measurements in this two-dimensional subspace.
HWPA2 HWPA3 HWPA4 HWPA5 HWP
(0,1) SSM HWP@0◦ HWP@0◦ HWP@0◦ HWP1@45◦
(0,2) θ2@0◦ SSM HWP@0◦ HWP@0◦ HWP1@45◦
(0,3) HWP@0◦ SSM HWP@0◦ HWP@0◦ HWP1@45◦
(0,4) θ2@0◦ θ3@0◦ SSM HWP@0◦ HWP1@45◦
(0,5) θ3@0◦ θ3@0◦ SSM HWP@0◦ HWP1@45◦
(0,6) θ2@0◦ HWP@0◦ SSM HWP@0◦ HWP1@45◦
(0,7) HWP@0◦ HWP@0◦ SSM HWP@0◦ HWP1@45◦
(0,8) HWP@0◦ HWP@0◦ θ2@90◦ SSM HWP1@45◦
(0,9) θ2@90◦ HWP@0◦ θ2@90◦ SSM HWP1@45◦
(0,10) θ2@0◦ θ2@90◦ θ2@90◦ SSM HWP1@45◦
(0,11) HWP@0◦ θ2@90◦ θ2@90◦ SSM HWP1@45◦
(0,12) HWP@0◦ θ3@0◦ HWP@0◦ SSM HWP1@45◦
(0,13) θ3@0◦ θ3@0◦ HWP@0◦ SSM HWP1@45◦
(0,14) θ3@0◦ HWP@0◦ HWP@0◦ SSM HWP1@45◦
(0,15) HWP@0◦ HWP@0◦ HWP@0◦ SSM HWP1@45◦
(0,16) HWP@0◦ HWP@0◦ HWP@0◦ θ3@90◦ SSM
(0,17) θ3@90◦ HWP@0◦ HWP@0◦ θ3@90◦ SSM
(0,18) θ2@0◦ θ3@90◦ HWP@0◦ θ3@90◦ SSM
(0,19) HWP@0◦ θ3@90◦ HWP@0◦ θ3@90◦ SSM
(0,20) HWP@0◦ θ3@0◦ θ3@90◦ θ3@90◦ SSM
(0,21) θ3@0◦ θ3@0◦ θ3@90◦ θ3@90◦ SSM
(0,22) θ3@0◦ HWP@0◦ θ3@90◦ θ3@90◦ SSM
(0,23) HWP@0◦ HWP@0◦ θ3@90◦ θ3@90◦ SSM
(0,24) HWP@0◦ HWP@0◦ θ3@90◦ HWP@0◦ SSM
(0,25) θ3@90◦ HWP@0◦ θ3@90◦ HWP@0◦ SSM
(0,26) θ2@0◦ θ3@90◦ θ3@90◦ HWP@0◦ SSM
(0,27) HWP@0◦ θ3@90◦ θ3@90◦ HWP@0◦ SSM
(0,28) HWP@0◦ θ3@0◦ HWP@0◦ HWP@0◦ SSM
(0,29) θ3@0◦ θ3@0◦ HWP@0◦ HWP@0◦ SSM
(0,30) θ3@0◦ HWP@0◦ HWP@0◦ HWP@0◦ SSM
(0,31) HWP@0◦ HWP@0◦ HWP@0◦ HWP@0◦ SSM
